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Anneaux d’endomorphismes et classe
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sur un corps fini
Endomorphism Rings and Isogenies Classes
for Drinfeld A-Modules of Rank 2 over Finite
Fields
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aDe´partement de Mathe´matiques, Universite´ du Maine, Avenue Olivier Messiaen,
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Re´sume´
Soit Φ un Fq[T ]-module de Drinfeld de rang 2, sur un corps fini L, une extension
de degre´ n d’un corps fini Fq. Nous spe´cifions les conditons de maximalite´ et de
non maximalite´ pour l’anneau d’endomorphismes EndLΦ en tant que Fq[T ]-ordre
dans l’anneau de division EndLΦ⊗Fq[T ]Fq(T ), on s’intre´ssera ensuite aux polynme
caracte´ristique et par son interme´diaire on calculera le nombre de classes d’ioge´nies.
Pour citer cet article : Mohamed-saadbouh.Mohamed-Ahmed, C. R. Acad. Sci.
Paris, Ser. I ... (...).
Abstract
We discuss many analogy points with the elliptic curves. more precisely, we study
the characteristic polynomial of a Drinfeld module of rank 2 and use it to calculate
the number of isogeny classes for such modules.
To cite this article: Mohamed-Saadbouh Mohamed-Ahmed , C. R. Acad. Sci.
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1 Introduction
let K a no empty global field of characteristic p ( namely a rational functions
field of one indeterminate over a finite field ) together with a constant field,
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the finite field Fq with p
s elements. We fix one place of K, denoted by ∞,
and call A the ring of regular elements away from the place ∞. Let L be a
commutator field of characteristic p, γ : A → L be a ring A-homomorphism.
The kernel of this A-homomorphism is denoted by P. We put m =[L, A/P ],
the extension degrees of L over A/P .
We denote by L{τ} the Ore polynomial ring, namely, the polynomial ring of τ ,
where τ is the Frobenius of Fq with the usual addition and where the product
is given by the commutation rule : for every λ ∈ L, we have τλ = λqτ . A
Drinfeld A-module Φ : A → L{τ} is a non trivial ring homomorphism and a
non trivial embedding of A into L{τ} different from γ. This homomorphism
Φ, once defined, define an A-module structure over the A-field L, noted LΦ,
where the name of a Drinfeld A-module for a homomorphism Φ. This structure
of A-module depends on Φ and, especially, on his rank.
Let χ be the Euler-Poincar characteristic ( i.e. it is an ideal from A). So we can
speak about the ideal χ(LΦ), denoted henceforth by χΦ, which is by definition
a divisor of A, corresponding for the elliptic curves to a number of points of
the variety over their basic field. In this paper, we will work on the special case
K = Fq(T ), A = Fq[T ]. Let PΦ(X) be the characteristic polynomial of the
A-module Φ, which is also a characteristic polynomial of the Frobenius F of L.
We can prove that this polynomial can be given as : PΦ(X) = X
2−cX+µPm,
such that µ ∈ F∗q , and c ∈ A, where deg c ≤ m.d2 by the Hasse-Weil analogue
in this case. We will be interested in the endomorphism ring and the isogeny
classes numers of a Drinfeld A-module of rank 2. for more information see [1],
[2], [3], and [4].
1.1 The endomorphism ring
The Drinfeld A-module of rank 2 is of the form Φ(T ) = a1+a2τ+a3τ
2, where
ai ∈ L, 1 ≤ i ≤ 2 and a3 ∈ L∗. Let Φ and Ψ be two Drinfeld modules over an
A-field L. A morphism from Φ to Ψ over L is an element p(τ) ∈ L{τ} such
that pΦa = Ψap for all a ∈ A. A non-zero morphism is called an isogeny. We
note that this is possible only between two Drinfeld modules with the same
rank. The set of all morphisms forms an A−module denoted by HomE(Φ,Ψ).
In particular, if Φ =Ψ the L-endomorphism ring (EndLΦ =HomL(Φ,Φ) is a
subring of L{τ} and an A-module contained in Φ(A). Let F be the Frobenius
of L we have : Φ (A) ⊂ EndLΦ and F ∈ EndLΦ.
Let L be a fix algebraic closure of L,
Φa(L) := Φ[a](L) = {x ∈ L,Φa(x) = 0}, and ΦP (L) = ∩a∈PΦa(L). We say
that Φ is supersingular if and only if the A-module constituted by a P -division
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points ΦP (L) is trivial, otherwise Φ is said a ordinary module.
Proposition 1.1 Let PΦ(X) = X
2 − cX + µPm be the characteristic poly-
nomial of the Frobenius F of a finite field L and let ∆ = c2 − 4µPm be the
discriminat of PΦ, and OK(F ) the maximal A-order of the algebra K(F ).
(1) For every g ∈ A such that ∆ = g2.ω, there exists a Drinfeld A-module Φ
over L of rank 2 such that OK(F ) = A[
√
ω] and : EndLΦ = A+ g.A[
√
ω].
(2) If there is no polynomial g of A such that g2 divide ∆, then there exists
an ordinary Drinfeld A-module Φ over L of rank 2 such that EndLΦ =
OK(F ).
1.2 Isogeny classes
Let K be an algebraic closure of K and let∞ be a place of K which divides 1
T
.
Let us put K∞ = Fq((
1
T
)) and denote by C∞ the completude of the algebraic
closure of K∞. We fix an embedding K →֒ C∞. For every α ∈ C∞, we denote
by | α |∞ the normalized valuation of α ( | 1T |∞= 1q ).
Let θ ∈ K, we say that θ is an ordinary number if :
(1) θ is integral over A ;
(2) | θ |∞= qmd2 ;
(3) K(θ)/K is imaginary and [K(θ), K] =2;
(4) there is only one place of K(θ) which divides θ and TrK(θ)/K(θ) 6= 0(P ).
We say that θ is an ordinary Weil number if θσ is an ordinary number for all
σ ∈ col(K/K). We denote by Word the set of conjugancy class of ordinary
Weil numbers of rank 2. We have the important result, for proof see [8] :
Theorem 1.2 There exists a bijection between Word and isogeny classes of
ordinary Drinfeld A-modules of rank 2 defined over L.
Let θ be an ordinary Weil number. We put P (x) = Hr(θ,K;x). By using (1),
(2), (3) and (4) we have P (x) = x2 − cx+ µPm, where µ ∈ F∗q and c ∈ A but
c 6= 0(P ) and also degT c ≤ md2 . Let us put
Γ =
{
c ∈ A such that c 6= 0(P ) and degT c ≤
md
2
}
.
We need the following lemma.
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Lemma 1.3 For µ ∈ F∗q, c ∈ Γ denote by E the filed of decomposition of
P (x) = x2 − cx + µPm over K. Let θ be a root of P (x). Then θ verifies (1),
(2), (3) and (4) together with [K(θ), K] =2.
Corollary 1.4 1) Let µ ∈ F∗q and c ∈ Γ and let θ be a root of x2− cx+µPm.
Then θ is an ordinary Weil number if and only if K(θ)/K is imaginary.
2) If md ≡ 1(2), then the roots of x2 − cx + µPm are Weil numbers for all
µ ∈ F∗q and for all c ∈ Γ.
To simplify, let us suppose p 6= 2 and put md ≡ 0(2).
Lemma 1.5 Let µ ∈ F∗q and c ∈ Γ with degT c ≤ md2 . Let θ be a root of
x2 − cx+ µPm. Then θ is a Weil number if and only if −µ /∈ (F∗q)2.
Lemma 1.6 Let µ ∈ F∗q and c ∈ Γ with degT c = md2 . Denote by c0 the term of
higher degree of c. We suppose that c20 6= −4µ. Let θ be a root of x2−cx+µPm.
Then θ is a Weil number if and only if x2 − c0x+ µ is irreducible in Fq[X ].
The roots of the characteristic polynomial are a Wiel Numers, so we need this
result, for proof see [8] :
Proposition 1.7 Let Φ be a Drinfeld A-module of rank 2 over the finite field
L = Fqn and let P be the characteristic of L. We put m = [L : A/P ] and
d =deg P . The characteristic polynomial PΦ can take only the following forms :
(1) In the case of ordinary Drinfeld A-modules, we have PΦ(X) = X
2−cX+
µPm, where c2 − 4µPm is imaginary, c ∈ A, (c, P ) = 1 and µ ∈ F∗q .
(2) In the case for supersinglar A-modules, we distinguish three cases :
(a) If m is odd, then PΦ(X) = X
2 + µPm, with µ ∈ F∗q .
(b) If m is even and d = degP is odd, then PΦ(X) = X
2+ c0X+µP
m,
with µ ∈ F∗q and c0 ∈ Fq.
(c) If m is even, then PΦ(X) = (X + µP
m
2 )2.
We can recapitulate all the cases above as follows :
(1) For the ordinary case, the characteristic polynomial is of the form :PΦ(X) =
X2 − cX + µPm, such that 2 deg c < degP.m or 2 deg c =deg P.m and
X2 − a0X + µ is irreducible over Fqn where a0 is the coefficient of the
greatest degree of c. For the supersingular case, we have the two following
cases :
(2) The degP is even or −µ /∈ (F∗q)2.
(3) the polynomial X2 + c0X + µ is irreducible over Fq.
We are in position to compute the number of characteristic polynomials which
corresponding to the number of isogeny classes, for proof see [7].
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Lemma 1.8 #{Isogeny classes}=#{PΦ}.
So we can compute the cardinal of the isogeny classes of a Drinfeld module of
rank 2 as follows.
Proposition 1.9 Let Φ a Drinfeld A-module of rank 2 over a finite field
L = Fqn and let P be the A-characteristic of L. We put m = [L : A/P ] and
d =deg P :
(1) If m and d are both odd, then #{PΦ} = (q − 1)(q[m2 d]+1 − q[m−22 d]+1 + 1).
(2) If m is even and d is odd, then #{PΦ} = (q − 1)[ q−12 q
m
2
d − qm−22 d+1 + q].
(3) If m and d are both even, then #{PΦ} = (q − 1)[ q−12 q
m.
2
d − qm−22 d + 1].
1.2.1 Euler-Poincare characteristic
Let Φ be a Drinfeld A-module of rank 2 over a finite field L = Fqn and denote
by PΦ the characteristic polynomial. Let χΦ = (PΦ(1)) This Euler-Poincare´
characteristic
We can have an expression for the cardinal of the set of Euler-Poincare char-
acteristic as follows.
Proposition 1.10 Let Φ be a Drinfeld A-module of rank 2 over the finite field
L = Fqn, and let P be the characteristic of L. We put m = [L : A/P ] and
d =deg P . There exists H,B ∈ L, such that #{χΦ} = H + B, where H and
B satisfies #{PΦ} = (q − 1)H + (q − 2)B.
The value of #{χΦ} can be deduced accordingly.
Proposition 1.11 Let Φ be a Drinfeld A-module of rank 2 over a finite field
L = Fqn and let P be the A-characteristic of L. We put m = [L : A/P ] and
d =deg P . We have :
(1) If m and d are both odd, then
#{χΦ} = qq−1q[
m
2
d]+1 − q
q−1
q[
m−2
2
d]+1 + 1.
(2) If m is even and d is odd, then #{χΦ} = q2+12q−2q
m
2
d − q
q−1
q
m−2
2
d+1 + q.
(3) If m and d are both even, then #{χΦ} = q2+12q−2q
m
2
d − q
q−1
q
m−2
2
d+1 + 1.
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